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The behaviour of a membrane with a low concentration of fixed charges in a constant external
electric field is considered. The stationary flows, the concentration curves and the electric field are
calculated for a system which has different concentrations on both sides of the membrane. The
starting point of the calculation are the generalized Nernst-Planck equations which are deduced
microscopically. Using a perturbation approach a solution to these equations is given. With this
result the influence of fixed charges, of friction between the ions and the membrane and of the
difference in coacentrations can be discussed.

1. Problem membrane
) (%) ™

Flows in one-dimensional model of a membrane
are considered in the steady state. The membrane
extends in y —z direction. This extension is much homogeneous
larger than the thickness of the membrane. The €xternalphase
properties of the membrane do not depend on the
z, y and z coordinates. The system consists of a -d -8 48 +d
membrane (phase *), two diffusion layers [phase
(') and (”)] and two large homogeneous phases
(see Figure 1). The thickness of the membrane is
20 and the thickness of a diffusion layer is d —J.  Fig. 1. Scheme of the whole system.
In the following calculations this thickness can be
chosen independantly so that it can be matched to
the experimental values. In the large homogeneous
phases there are electrodes which can produce an
external field. We only consider binary electrolytes
of low concentration. There can be a difference of
concentration between the two external phases. The
membrane can have fixed charges so that there are
different interactions.

homogeneous
external phase

diffusion layers

An approximate nonequilibrium solution has been
obtained for the special case of constant field and
equal concentrations on both sides of the mem-
brane 3. Here the equations are solved for the case
of a difference in concentration. Furthermore, we
calculate the electric field which is formed in the
system. With the curves of the electric field and the

U . . concentration we can interpret the flows completely.
There are electrical interactions between ions and

fixed charges. Furthermore we have friction between
ions and water (or another solveni) and friction 2. Calculation of the Concentration Curves

t i d th : the diffusi :
lbe ween 1ons and e .mf)mbrane In e diffusion 2.1. The Generalized Nernst-Planck Equations
ayers there is only friction between ions and sol-

vent. These interactions produce the characteristic The generalized Nernst-Planck equations consist

concentration curves and the electric field in the of one and two particle equations. For a one dimen-

membrane. sional membrane model the one particle equations
The system is mathematically described by the read

generalized Nernst-Planck equations as deduced 3, w,+ 0, (kT m, 1n, —n,u?+2w,u) (1)

microscopically by Schréter! and West ! 2. They ) M1 gy MEE

can be solved for this simple model of membrane. —myten, E—m, 62/ nas Kas d°rs :g:osab

with:
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a=M+1 indicates the fixed charges of the
membrane,

n, density of particle a,

Nag two-particle density,

u, average velocity of particle a,

u average velocity,

E external field,

25— — Or y'us x-component of the interaction of a

and d-particle,

Has friction coefficient for friction be-
tween an a-particle and a d-particle,

Wy=N, U, flow of particle a,

Sus =% ms (ng w5 —nsw,).

For the calculation of n,; we need the two-particle
equation which is not written down here because n,s
enters (1) in a very simple way if the following
perturbation approach is used.

2.2. The Perturbation Approach

In? the one-particle equations were solved using
a perturbation approach. The following restrictions
were made:

. We only consider stationary flows.

. We only consider a binary symmetric electrolyte.

. The concentration of electrolyte is low.

. We only consider Coulomb-interactions.

. The interactions between moving particles and
the membrane are low, i.e. the concentrations of
the fixed charges and of the other membrane
particles are low.

6. The dielectric constant is constant in the whole

system (this follows from 3 and 5).

7. The temperature is constant in the whole system

and there is no pressure gradient.

G o W o

The zeroth approach describes the homogeneous
electrolyte. Then the first approach describes the in-
fluence of fixed charges, friction between ions and
membrane and the correlations between positive
and negative ions (see 3).

The zeroth approach gives:

ek

0 0 0 -
0 b
m, myngy ¥,

=m0, ul=
e. is the charge of particle a. The upper index in-
dicates the order of the approach.

With the solution of the two-particle equation the
first approach of the one-particle equation is (see 3) :
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(eaE+ma Ea U‘OO) "'al = k T at nal
—nle, [f”sl €3 iy 77«' d3r3+2 f'lal €5 Oz '7’ d3rs]
5=1,2

=m, Ea wal +m, Uy E =t Z m, Eaé wao (2)
5-3,4
with
a=3 fixed charge particles of membrane,
a=4 membrane particles without charges,

£a=mgny’ #y

Eos =myns! %gs

£ dielectric constant,

elPntx i
M= o4 mem, kT (1 +V1/2)
correlation coefficient (see %),

a AeS R R
= where %71 is the Debye length,

Yas=€u€5Y .

2.3. The Differential Equations and their Solution

The differentiated form of (2) gives a system of
differential equations. With

— elE,
kT
1
e 2 052, 1.
b= AT e =R,
1
c= Ckf];nloelesn;;‘(O),
i) = lze[—9,0]
= OT¢[_69(§],

the differentiation of (2) gives:
ad,n'—Ant +co +b(n' —nyt

—adznt—Anyt —co—b(nl—ny

Let be

al 12
R S
a c

B;= §A4+A3+ B

then the solution of (2a) has the form:
nl(x) =4, +A,e** +A4;+ 4,2,
nyl(z) =B, e +Bye " + B+ Ay x (3)

where in the diffusion layers the constant ¢ has to
be replaced by zero.
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We assume that the large outer phases are homo-
geneous (stirred phases). Also there is no differ-
ence of concentration between positive and negative
ions. Then we get the boundary conditions

nt(+d) =ny!(+d) =60",
nt(—d) =ng (—d) =6 (4)

The mathematical problem is now to calculate the
12 constants A, A;*, A;"" and the flows w; and w,.
Equations (4) give 4 equations. The concentration
is continuous at the edges of the membrane (see 3),
so that we get 4 equations too (see 3).

If we put the solution (3) into the original dif-
ferential equation (2), we get two more equations

for each phase. With O — 0" =2 f we get:

* b * * EC:_"Z
A4='_/12(Cl +C2)— ]2 df,
¥ ’” b
A=A = - 5 GG - Tf 5)
ady — A —ad(d/ —4,*) - L;"
. [Al,(e‘w—ke""“) +A1* (eza_e—m)

i+a

+ A, (- )] + "7 [4) (e 4 €)

2
+A* (e7?— ) + 4y (e —e )] =Cy,
aAsl’—A4’ +a6(A4,—A4*) A i;a

LAY (e —e i) 4 A* (e P)
*Al” (e/'-‘s—}-e’.'d)] _ _/',f;,a‘ [A;z’ (e“‘—e*‘l)

+A4,* (e"®— ) —4,” (e ¥+ )] =Cy,

A— )
aA3* -A4* _ *,2 a [Al/ (e—;.(l_e—/.é)
+A1* (e—i.5+826) +A1” (ei.d_ef'.é)] s /.42—0
. [A2; (eM—e;'é) _*_Ag{- (e;.é_*_e—lé)
+4y" (e * —e 7)) =C, + 4, (6)
with:
1
Cu= g (ma'fawal"—mu/laE) y Ca*=Cﬂ+Aa’
ET
Mg 5" . £ o* \ £
4,= LT , where &, =é§3ma .

We can now calculate the A;, 4", A;*. With these
coefficients we can calculate the concentration curves

[from Eq. (3)] and the flows [from Eq. (2)].
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2.4. Calculation of the Concentration Curves

We make a restriction about the thickness of the
membrane ¢ and the diffusion layers d —9:

S > e i > e i,

For the considered concentrations and ion exchange
membranes this is a very weak restriction, because
471 is always smaller than the Debye length !
(271 ca. 1078 m for n;°=1molm™3).

In 3 the calculation has been done for the special
case @ =0" =0, i.e. the case of equal concentra-
tion on both sides of the membrane. Here the cal-
culation has been done for the case of a difference
in concentration.

We then get:

l+a c 1

fo—d8. g 2 g 8
Ay e=+ o - 37797

Cy,

g J.rl__,;",_a(i, ; e ) ,,,67 "
A4, e = 24 22C1+6(1 ) Cs +22dC3/
_t-e gy 0 N__V
2 ( 4 2db’) 27d!’
2r g Lt+afl a (S
4, el = — 24 (72-C1~-(5(1—;')C3>—2/.:d*C3;/
_A+ta LI S 2
2a (1 ¥ 2db’>+22df’
" .15 l—a c 71_
A= A e Tyl
* 10 A+‘f<_c_f ) 1,( _E)
At =t S\ E A G )
e gs_ _t—afc a )_ 1‘< _ £
Ayt e = 2a (22 2t 21 Cs a)’
’ ay
A3= 2C1+6C3+ 2dbf,
PO, ., L
3 9 1 3 2db £}
v %o €49 LY i
A= 5 Com At gyt
, 0
A4 EC:};’_ 7&](9
A= 2 C—Cym (7)
4 d 37 3 d s
with
02
Cl _Vzdbciil"
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b ’
Cs;= 2 (4,+4,) + %29 =4, -4.*,
N S
V= 1+a2/2}~db.

The calculation for the flows gives:

O ey u o 7
TS T DN S - ST &
UL 2d my &b & 2d my &
kT § oy
: E* 0+ ~$-)* 30) A & 9 : Ty
e L L my & d 1+ a2/i2
0 ey u oy
pmwd— ——AY g Mg ° YV _
W2l S I ma 66T T g, 2d my &,
. kT 4
(my &1% w,” +my §% wy?) +— = (];* 1+a2)i
(8)

3. Calculation of the Electric Field in the
Membrane and in the Diffusion Layers

In addition to the constant outer field we have
electric fields in the membrane and in the diffusion
layers. We can calculate this field knowing the dif-
ference between the concentrations of the negative
and positive charges:

+d +o0

E,-(x>=ef j (m(x’)—nzu'w "’—jngo(xv)

2d e
-y p A3
d

= f (m @) —maa) + Dy @) )
-4
- sgn (2’ —x)da. 9)

By integrating we obtain (under the restriction of

2.4.):

in phase (*)

b e ) )
2—Z'~E[(x) =4, (A+a) (el —2e )

+2A4,(A-a)e*—2a A,/ (0 +7x)
+2aA*0—A" (A—a)e

(fir —d0>x> —d)

in the membrane

(fir +0 =22 =-9)

2727137 Ei(x) =45, (A+a) e +2A4,* (2 —a) &~
5 3 2b
—2A4*(A+a)e " —2aA* v~ ;gv(dg—dl)

— " (A —a) &'t
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in phase (") (fiir d>z>0)
225 Eife) = +4) (A +a)e? —2ad A*
e
— 4, (A—a) (¢ =26) —2.4," (2 +a) e
+2ad, (0—x). (10)

An interpretation of the electric field is only useful
if we regard the curves of concentration as well.
This interpretation is made in the next chapter. Here
we consider only the influence of the linear term in
(10).

If the field is constant the flows are proportional
to the number of ions. In the linear regions of con-
centration a constant field would give a different
flow at every point x. If we have stationary flows
the linear regions of concentration cannot be elec-
trically neutral. We see this in Equation (3).

If we are in a diffusion layer c is equal to zero.
In a linear region of concentration only the factors
A; or Ay can make a difference of concentration.
We see that here the gradients of n,! and n,? are
the same. But there is always a small constant dif-
ference of concentration (a/b)A,. The resulting
charges produce an electric field (see Figure 2). This
linear field makes stationary flows possible.

Ei
Fig. 2. Concentration and electric field in a linear region of
concentration.

The difference in the concentrations of the posi-
tive and negative charges is so small that we cannot
see it in the following curves of concentration, but
it is big enough to produce an important electric

field.
4. Discussion
The calculation of the coefficients 4; (i =1, ...,4)

shows that we can divide the results into 3 special
cases, because these coefficients are linear in ¢, 4,,
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/. So we can consider the following cases:
1. ¢+0, 4,=0, f=0.
This case describes the influence of fixed charges.
2, ¢=0, 4,+#0, f=0.
This case describes the influence of friction be-
tween membrane and moving particles.

3.c=0, 4,=0, f+0.

This case describes the influence of the differ-
ence of concentration.

The addition of these 3 cases is a solution for ¢ =+ 0,
A,+0. f=0.
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4.1. Influence of Fixed Charges

We can compare the first case (c+0, 4,=0,
f=0) with a membrane with fixed charges, but
negligible friction between ions and membrane. In 3
this case has been discussed in detail, but without
discussing the influence of the inner electric field E;.
Figure 3 shows the curves of electric field and con-
centration. We can calculate the electric field in the
membrane from Eq. (10) :

2¢b ., : R .
~, Ei(z)=+4+24,*(l—a)e” -2 A4,*(A+a)e ™
—2aAd*zx. (11)
T
mol m~3
N+

1.054/

—

0.95- n-
-1,001 -1 -0999 —Y—
107*m

tove

104V m™!
-1,001 -0999 —x "
107%m

Fig. 3. Influence of fixed charges (0.1 mol/m3) on the concentration and on the electric field in a membrane system (thick-
ness of the membrane: 2-10~*m, thickness of the diffusion layers: 2-10=%m). External field ca. 500 V/m. a) The whole

system, b) the left edge of the membrane.



H.-P. Stormberg - Nonequilibrium Properties of Weak Ion Exchanges Membranes

In the membrane the interpretation is easy because
the charges of the phase (") are compensated by the
charges of the phase (). Thus we have to discuss
only three terms.

The first is non-negligible only at the right edge
of the membrane. Here the electric field is exponen-
tial. This makes stationary flows possible in spite of
the gradient of concentration. The second term of
(11) does the same at the left edge of the membrane.
Several Debye-length away from the edges of the
membrane we can neglect the influence of the ex-
ponential terms in (11). We have only to consider
the linear term. As mentioned above, this linear
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field is necessary for stationary flows. Without this
the constant field £ would produce different flows
at each point z because the concentration of ions is
not constant.

In Fig. 3 we can also see that the electric field E;
is very strong at the edges of the membrane. Here
the field is similar to that in equilibrium, i.e. no
outer field (see *).

4.2. Influence of Friction Between Membrane
and Moving Particles

If we consider only the friction between the
membrane and the moving ions we can calculate the

T n ‘ n
mol m~3 ol 3
1411076 H1+1-1076
N+ n-
N+
1 ol
T\-
n- N+
L1-1-107¢ F1-1-1076
1 =05 0 05 i = -1,001 1 -0999 ——
107%m 107*m
_Ei
T 1 - vm!
vm!
L6 -6
Ls L
L2 -2
-1 -05 0 05 1 <= -1.001 4 -0999 —%
107*m 107*m

Fig. 4. Influence of friction between ions and membrane on the concentration and on the electric field. External field ca.

500 V/m; &,*/& =5/, .

a) The whole system, b) the left edge of the membrane.
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curves of concentration if we know the friction co-
efficients. But it is sufficient to know the quotients
§*/& and &,*/&,. So we have only to know the
relation between the ion-water and the ion-mem-

brane friction. First we consider the special case
E1/&* =&/&" .

It follows that only the coefficients Al', A", A*,
Ay* are not zero [see (7)]. If, in this case, we con-
sider the electric field the interpretation is easy.
There is a resulting charge at the edge of the mem-
brane so that we have an electric field in the mem-

n
mol m™3 |
1
| |
| F1+1-1073 |
| |
| |
| L |
| !
|
: |
1 b
| |
' |
‘ 5 |
‘ |
‘ |
} L1-1-1072 |
L . ; |
-1 05 0 05 T
107*m
_Ei
vm!
| F3 |
[ 2 |
| [
| I
I L1 |
| |
| |
/ |
1T T 0 T -
-1 -05 0 05 /=
t : 107*m
[ -1 !
| |
| l
| |
I |
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brane. But the resulting charge of the left edge of
the membrane compensates for the charge of the
right edge so that there is no field in the diffusion
layers. The electric field in the membrane supports
the constant external field so that the ions can move
as fast as they do in the diffusion layers in spite of
the additional friction in the membrane.

The concentration is constant in the whole system
except in the two regions of the edges of the mem-
brane (see Figure 4).

We now consider another case which seems to be
more interesting. In Fig. 5 we can see the concentra-

T n
mol m™3
L1+1-1073
L1
-1-1-1073
-1.001 -1 -0999 5~
10™%m
=5
vm™!
L3
2
-
: 0 :
-1,001 -1 -0999 >
107%m

Fig. 5. Influence of friction between ions and membrane on the concentration and on the electric field. External field ca.

500 V/m; &£*=0, &*=0.015,.

a) The whole system, b) the left edge of the membrane.
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Fig. 6. Influence of the difference of concentration (4n=0.1 mol/m®) on the concentration and on the electric field. External

field ca. 500 V/m.

tion and electric field for §* =0; £&*=0.14,. Be-
tween ion 1 and the membrane there is no friction
and the friction of ion 2 with the membrane is high.

In the diffusion layers there is a concentration
gradient which strengthens the flows of ion 1 and
weakens the flow of ion 2. The concentrations of
positive and negative ions are not equal so that an
electric field is formed (see Chapter 4.1.). In the
membrane there is a similar field because there is a
concentration gradient. But there is also a constant
field. This field and the concentration gradient speed
up the ions 2. Combining these effects with the ion-
membrane friction, we get a flow which is the same
as in the diffusion layers. The effect of the electric
field is stronger than the effect of the concentration
gradient so that we get an amplified flow of ion 1.
If we compare the flows with the case of no mem-
brane friction we see that the flow of ion 2 gets
smaller and the flow of ion 1 gets bigger due to the
friction between the membrane and ion 2.

4.3. The Influence of Difference of Concentration

The difference of the concentration produces a
constant concentration gradient in the membrane

7

and in the diffusion layers (see Figure 6). As dis-
cussed in Chapter 4.1., there must be an electric
field which is produced by different concentrations
of negative and positive charges. This difference is
so small (ca. 10 8mol/m?) that it cannot be seen
in Figure 6. Here we can see the meaning of the
coefficients A,” and A,”. The concentration of posi-
tive and negative ions are equal in the homogeneous
regions. The exponential term in (3) cannot be
neglected at the outer edges of the diffusion layers
and this produces the small difference between the
concentrations of the positive and negative ions.

4.4. Flow and Concentration without
Electric Current

So far we have not considered the electric cur-
rent. But, of course, there is always an electric cur-
rent if the flows of positive and negative charges are
not equal. There is a current in the system and
through the electrodes and also in the outer system.
Now we consider the case in which there is no elec-
tric current in the membrane. The flows must be
equal, that is w; =w,. Of course, there must be an
outer electric field which produces this situation. We
can calculate this field E, by the condition w; = w,:

(12)

1 1
kT = P
E f 1"’“2/’-2(”11'?1 m2§2>
D=— ", - =
d ]. ]. 66 E* :)*
(mm ) (es—my ) — (G pn |B - |
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We see that this condition is only possible if we have
a difference of concentration. With the calculated
Ep we now can calculate concentration curves by
Eq. (7) and the flows by Equation (8).

The importance of this special case is that we can
compare it with the case of no outer field. If we have
a concentration difference and primarily no external
field there will be produced an electric field by a
flow of charges in the outer phases. A stationary
state of the system is then only possible if the flows
are equal, i.e. w; =w, (compare?®). Only for this
case can the outer field be constant. If the outer
phases are large enough, the difference between the
charge densities is very small so that the concentra-
tions of positive and negative charges are nearly
equal. In this case we can estimate the field by
Equation (12).

4.5. Further Comments

In the preceding sections we did not ask the
question: Which results can be proofed by experi-

1 G. West and J. Schriter, Ann. Physik. 32, 19 [1975];
32, 33 [1975] ; 32, 227 [1975].

2 G. West, Dissertation, Marburg 1974.

3 J. Schroter and H.-P. Stormberg, Z. Naturforsch. 31a,
815 [1976].

H.-P. Stormberg - Nonequilibrium Properties of Weak Ion Exchanges Membranes

ments? Of course, it’s nearly impossible to measure
the curves of the concentration and the electric
field in the membrane and especially at the edges of
the membrane. So a possible proof of the theory
can only be given by measuring the flows. By mea-
suring the flows the friction coefficients &,* can be
determined. Knowing these coefficients a quantita-
tive verification of Egs. (8) is possible because the
external field £ and the difference of the concentra-
tion f can be varied independantly. Also the electric
field £y, [Eq. (12)] can be measured easily and can
be used as a quantitative verification of the theory.
On the other hand, the main aim of this work was
the calculation of the curves which are nearly im-
possible to measure. Only with these curves, i.e.
the curves of the electric field and of the concentra-
tion, a complete interpretation of membrane-trans-
port is possible.

4 H.-P. Stormberg, Z Naturforsch. 31a, 1289 [1976].
5 Schlogl, Stofftransport durch Membranen, Dr. Dietrich
Steinkopfi-Verlag, Darmstadt 1964.



